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Abstract
We show that the longitudinal polarization of the top quarks produced in the an-
nihilation of e+e− or µ+µ− into t¯t at energies near the threshold is not affected by the
large Coulomb-type corrections, which greatly modify the total cross section. Thus the
longitudinal polarization, although small, may provide an independent information on
the mass and the width of the top quark, largely independent of the uncertainty in αs.
It has been pointed out well some time ago[1] that due to the large mass and width of
the top quark, the process of annihilation of a lepton pair (ℓ+ℓ−) into t¯t is dominantly deter-
mined by the perturbative QCD, while the nonperturbative effects are effectively blocked by
the large mass and the fast decay of the top, even in the threshold region. Recently there has
been a revival of interest to this process[2, 3, 4] related to the prospects of the future Next
Linear Collider (NLC) and/or First Muon Collider (FMC). The region near the threshold of
the t¯t production presents a special interest, since it provides the best sensitivity of the data
to the kinematical parameters (mass, width) of the top quark as well as to the value of the
strong coupling αs. The reason for the sensitivity to αs is the well-known behavior of the
perturbation theory series near the threshold, where the Coulomb-like interaction between
quarks, each having in the c.m. nonrelativistic velocity v is described by the parameter
(αs/v). The other side of this behavior is that at v ≤ O(αs) one has to sum all the Coulomb
terms of the type (αs/v)
n exactly. This summation is performed by using the exact solution
of the Schro¨dinger equation for the Green’s function in the Coulomb potential, and also
the effects of the running of αs can be accounted for in the leading-log approximation as
well as the first radiative correction, thus effectively summing also the terms of the form
αs (αs/v)
n (see e.g. Ref.[5]). As to the next term in this expansion that includes the ra-
diative effects in order α2s as well as the relativistic corrections O(v
2), these are calculated
most recently[6], following earlier results for an Abelian theory[2] and the results of a full
QCD calculation[7, 8] of the cross section near the threshold in order α2s, but without the
summation of the additional Coulomb factors with (αs/v)
n.
The sensitivity of the production cross section to both the parameters of the top quark
and the coupling constant αs implies that there might be a considerable correlation between
the values extracted from the data on the total cross section only. Thus it would be help-
ful to incorporate additional data with a different dependence on these parameters. It is
the purpose of this letter to point out that the longitudinal polarization of the top quark,
although small in the near threshold region, is not affected by the Coulomb factors or the
running of the coupling in the leading-log order. Thus it is dominantly sensitive to the mass
and the width of the top quark, and, if measured, can be used as an independent input in the
determination of the parameters from the data. Additionally, the longitudinal polarization,
determined by the interference of the top quark axial and vector couplings, may provide
limits on possible deviations of these couplings from the Standard Model values1.
1Certainly, the threshold region does not offer much of advantage for measuring the top quark axial and
vector couplings, since the longitudinal polarization is more prominent in the high-energy region[9], provided
that the latter region would be accessible on future colliders
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Our consideration here is limited to the leading Coulomb terms of the form (αs/v)
n, the
effects of the running of the coupling in the leading approximation and to the lowest order of
the nonrelativistic expansion. We find that in this order the longitudinal polarization does
not receive any QCD corrections. The only effect of order αs comes from the known hard
gluon correction to the vector and the axial vertices at the threshold and is determined by
αs(mt). The unaccounted subsequent corrections are thus of the relative magnitude α
2
s, αs v
and v2, with possible logarithms of v. Also, strictly speaking, there are corrections due to
electroweak radiative effects, i.e. of order α, which apriori are less than the unaccounted
QCD effects.
It should be noted that the longitudinal polarization of the top quark, PL, discussed here
is the one averaged over the production angle: 〈PL〉, i.e. the one determined by the parity
violation on the top quark side, rather than on the lepton side (for further details see e.g.
Ref. [9]).
The top quark polarization in the near threshold region was previously studied[10] numer-
ically within a potential model approach. We believe that additional assumptions inherent
in such approach are not necessary, and the type of polarization discussed here can be
calculated analytically with acceptable accuracy within the perturbative QCD, while the
non-perturbative effects, presumably small, deserve a special study, which is beyond the
present paper. It can be also noted, that a somewhat similar insensitivity of the longitu-
dinal polarization to the Coulom-type effects was observed in the calculation[11] of the top
production in two photon collisions.
Proceeding to the details of our argument, we write the well known expressions (see
e.g. Ref. [9]) for the total cross section of the process ℓ+ℓ− → t¯t and for the longitudinal
polarization of the t in the form
σtot =
2 π α2 v
s
{
(3− v2)DV |V |2 + 2 v2DA |A|2
}
, (1)
〈PL〉 = − 4Re [v V A
∗DV A]
(3− v2)DV |V |2 + 2 v2DA |A|2 . (2)
The factors D in these equations read in the Standard Model as
DV =
∣∣∣∣(1− 4 sin2 θW )
(
1− 8
3
sin2 θW
)
z +
2
3
∣∣∣∣
2
+
∣∣∣∣
(
1− 8
3
sin2 θW
)
z
∣∣∣∣
2
, (3)
DA =
[
(1− 4 sin2 θW )2 + 1
]
|z|2 , (4)
2
and
DV A = (1−4 sin2 θW )
[
(1− 4 sin2 θW )
(
1− 8
3
sin2 θW
)
|z|2 + 2
3
z∗
]
+
(
1− 8
3
sin2 θW
)
|z|2 ,
(5)
where z is the ratio of the Z and the photon propagators and also includes the ratio of their
couplings. If the electroweak radiative effects in the propagators are ignored, this ratio has
the form
z =
1
16 sin2 θW cos2 θW
s
s−m2Z
. (6)
The factors V and A in the equations (1) and (2) stand for the renormalization of respec-
tively the vector and the axial top quark vertices by the QCD effects2 and constitute the
subject of primary concern in this paper. In the nonrelativistic limit of small v the equation
(2) simplifies as
〈PL〉 = −4DV A
3DV
Re
(
v
A
V
)
≈ −0.20Re
(
v
A
V
)
, (7)
where the numerical value sin2 θW = 0.232 is used as well asmt = 175GeV (i.e. the threshold
is at
√
s = 350GeV ).
The QCD contribution to the factors V and A in the threshold region comes from two
well separated sources: the hard gluon correction to the appropriate vertices, determined by
the momenta of the virtual gluon of order mt, and the Coulomb corrections, determined by
an effective virtual momenta scale, which is a combination of the actual quark momentum
p = mt v and the Bohr momentum pB = 2mt αs/3. The former correction is included in
the expression for the vector and the axial currents in terms of equivalent operators in a
nonrelativistic description of the t¯ t pair at the threshold:
(t¯γ t) =
(
1− 8αs
3 π
)
(χ˜σ φ) δ(r) , (t¯γγ5 t) = −
(
1− 4αs
3 π
)
(χ˜σ φ)× ∇
mt
δ(r) , (8)
where φ and χ are the nonrelativistic spinors for the quark and the antiquark (χ˜ = χT (i σ2)),
and r is the vector of their relative position. The hard renormalization factor in the vector
current is well known, while the same in the axial current can be read off the results of Refs.
[12] and [13]. Thus with the inclusion of the Coulomb effects the factors V and A can be
written as:
V =
(
1− 8αs
3 π
)
S , A =
(
1− 4αs
3 π
)
P , (9)
2These factors also receive electroweak corrections both in their absolute values and the complex phases,
if these corrections were not neglected, they would have to be included along with the corrections to the
ratio z in eq.(6).
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where S and P describe the Coulomb renormalization of the wave function near the origin
for respectively the S wave and the P wave:
S =
ψC(0)
ψ0(0)
, P =
∇ψC(r)
∇ψ0(r)
∣∣∣∣∣
r=0
, (10)
with ψ0(r) and ψC(r) being the free wave function and the one in the Coulomb potential.
The appropriate wave functions for considering the processes where the top quark has
definite momentum p are the plane wave for the free wave function: ψ0(r) = exp(ip · r)
and the scattering state wave function ψ(+)(r) in the Coulomb potential, which function at
infinity is a superposition of the plain wave with the momentum p and a scattered spherical
wave[14]:
ψC(r) = e
piλ/2 Γ(1− i λ) eip · r 1F1(i λ, 1, i pr − ip · r) , (11)
where λ = 2αsmt/(3p) = 2αs/(3v). With these wave functions one readily finds the factors
S and P from the equations (10):
S = epiλ/2 Γ(1− i λ) , P = epiλ/2 Γ(1− i λ) (1− i λ) . (12)
Using eq.(9), one finds from eq.(7) a remarkably simple final result for the longitudinal
polarization near the threshold:
〈PL〉 = −C
(
1 +
4αs
3 π
)
Re
(
v − i 2
3
αs
)
= −C
(
1 +
4αs
3 π
)
v (13)
with C = 4DV A/(3DV ) ≈ 0.20.
It is important, that the expressions in eq.(12) give the factors S and P with their phases.
The correct phase relation between the S wave and the P wave is fixed by using the scattering
state Coulomb wave function[14]. In terms of the real (at real p) radial wave functions Rpl(r)
and the scattering phases δl for the partial waves the ratio P/S can be written as
P
S
=
R
(C) ′
p1 (0)/R
(0) ′
p1 (0)
R
(C)
p0 (0)/R
(0)
p0 (0)
ei(δ1−δ0) .
In terms of this formula the Coulomb effect on the ratio of the absolute values |P/S| is
cancelled by that on the phase difference δ1 − δ0 in the real part Re(P/S).
The absence of dependence of the discussed here P −S interference term on the Coulomb
coupling implies that there is also no effect on this term from the running of the coupling
in the leading order. Indeed, taking into account the running in the leading order for a
quantity F (αs) reduces to replacing the coupling αs by the effective coupling at a scale
4
µ determined by the process: F (αs) → F (αs(µ)). In the case considered the effect of the
Coulomb interaction on the longitudinal polarization is absent, thus the effect of the running
of the coupling at the Coulomb scale does not enter the result. This potentially leaves the
discussed polarization sensitive only to subsequent corrections, which are of the relative order
α2s.
Another point to be considered for the realistic top quarks is related to the top decay
width Γ. Formally the decay width can be included by shifting the energy above the thresh-
old, E =
√
s − 2mt, in the complex plain: E → E + iΓ (this approximation neglect effects
of the relative order Γ/mt), resulting in a complex shift of the velocity: v =
√
(E + iΓ)/mt.
The latter shift can be readily accounted for in our consideration of the Coulomb effects and
in the final result in eq.(13) by keeping v as a complex parameter. Clearly, for a complex v
the equation (13) assumes the form
〈PL〉 = −C
(
1 +
4αs
3 π
)
Re
(√
E + iΓ
mt
)
, (14)
which is the final result of this paper for the longitudinal polarization of the top quark near
the threshold. To repeat, the coupling constant αs in this expression is normalized at a short
distance scale O(mt) and the subsequent corrections are of the order of α
2
s, αsv, and v
2.
As a final remark, not related to the top quark polarization, but rather related to the
total cross section near the threshold, we note, that due to the Coulomb renormalization the
ratio of the cross section for production of the quark pair in the P wave to that in the S
wave is not vanishing at the threshold, i.e. at v → 0:
lim
v→0
∣∣∣∣v PS
∣∣∣∣
2
=
4
9
α2s , (15)
so that the suppression of the P wave cross section relative to the S wave exactly at the
threshold is determined by α2s, rather than by v
2 3. Thus, formally, in a calculation of the
total cross section near the threshold in order α2s one should also add the contribution of the
axial current of the top quark. The net effect of this contribution is, however, quite small:
the axial current cross section relative to the vector current one amounts to
σA
σV
=
2DA
3DV
4
9
α2s ≈ 0.20
4
9
α2s , (16)
3This threshold behavior of the P wave cross section, also previously pointed out for the heavy scalar (
stop) production[15], is, of course, a consequence of the general property of the Coulomb renormalization of
the wave function with an orbital momentum L near the origin (see e.g. in the textbook [14]): the threshold
factor v2L+1 is replaced by pi a2L+1 with a in our case being a = 2αs/3.
5
Naturally, the relevant scale for the αs in this behavior is the Coulomb one: 2αsmt/3.
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